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Abstract 

' The possibility of realization of quantum gates by means of the non-adiabatic geometric phase is 

considered. It is shown that the non-adiabatic phase can be used for quantum gates realization as 
well as the adiabatic one. 
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| Intensive investigations on quantum information theory (see |J for a reference 

source on this subject) refreshed some interest on Berry phase The idea of us- 
ing unitary transformations produced by the Berry phase as quantum computations 
is proposed in || and realized in 0, [| in a concrete model of holonomic quantum 
computer. Calculation aspects of this model are considered in ||. For other references 
where Abelian Berry phase is considered in the context of quantum computer see e.g. 
- |J. On the other hand non-adiabatical Berry phase can exist and be measured 
if transitions in a given statistical ensemble do not lead to loose of coherence [JTo|, 11 1. 



Therefore it is also possible to use the corresponding unitary operators to perform 
quantum computations. This fact has been noticed in [|l^]. In this paper we show a 
realization of quantum gates for a concrete 4-level quantum system driven by external 
magnetic field. 

Let us consider a system of two non-interacting qubits in a bosonic environment de- 
scribed by the Hamiltonian 

H = H S + H B + H SB , (1) 
where H$ is the Hamiltonian of two coupled spins 

H s = HP + = ^-a zl ®l 2 + ^fl 2 ®o z2 + J - a zl ® a z2 , (2) 
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where J is the coupling constant, Hb is the Hamiltonian of the bosonic enviroment 



Hb = J2 "bkikk + 1/2), (3) 



k 

and H$b is the Hamiltonian of the spin- enviroment interaction. 

H S b = Hgl + Hg B , (4) 

H { sl = SMJ2(9akbt + 9* a J>k) a = 1,2. (5) 
k 

Here 

SP = a zl ® 1 2 , SP = 1 2 ® 

<r z is the third Pauli matrix, 1 2 is 2 x 2 unit matrix, b^,bk are bosonic creation and 
annihilation operators and g a k are complex constants. We assume that the two spins 
under consideration are not identical so that ujqi ^ u>02- The Hamiltonian determined 
by ([!]) - (|^) is a natural generalization of Caldeira-Legett Hamiltonian ]T3] for the 



case of two non-interacting spins. Let such a system be placed in the magnetic field 
affecting the spins but not the phonon modes. The only change to be made in the spin 
part (pD is the substitution 

U s &z ► B(T. 

Three components of B represent a control set for the qubits under consideration. 
Evolution of B(t) generates evolution of the reduced density matrix p s (t) that describes 
the spin dynamics 

i^- = H 3Pa (t), Ps (t) = U(t)p(0)U + (t). (6) 

Thus given curve in the control space corresponds to a quantum computation in which 
each qubit is to be processed independently. To obtain such a calculation as a function 
of control parameters we first recall some common issues of spin dynamics. We consider 
the external magnetic field as a superposition of a constant component and a circular 
polarized wave: 

B = B + Bxe****, (7) 

where B Q is perpendicular to B\. It is well known that the case of the circular polar- 
ization is exactly solvable. The evolution of an individual spin corresponding to the 
Hamiltonian 

H = -nB (8) 
is determined by the following operator: 

V(t) = exp (£(t)S + - C(t)S-) expH0(t)S 2 ), (9) 



where S± = S x ± iS y and 



= |f (t) | exp (iAut + ia(t) + in/2) , 



(10) 
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ujj_ sin(£7i/2) 
arctan f-^-tsji(ftt/2) 

w± (6"2 + 6"l)> 
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where Au = u\\ —ujr, Q 2 = (Alj) 2 uj± and u\\ are Rabi frequencies corresponding 

to Bq and B\ respectively and finally n is the unit vector along B\. 

It is known [?] that the pure states acquire within the rotating wave approximation 
a phase factor that after one complete cycle T = 2-k/ojr is: 

\m(T) >= exp(-i(j) D + ij) |m(0) >, (12) 

where m is the azimutal quantum number and the phase is split in two parts: dynamic 
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2nm — cos( 



and geometrical 



7 = —2nm cos 6*, 



where cos 6 = B /B (B = B + Bi) and 6* is determined by the formula 

tan 6* = t— . 

COSfc' + OJr/U 

The phase shift between the states | ± 1/2 > results then in 

= -2tt cos 6* 



(13) 



(14) 



(15) 



that is nothing but the solid angle enclosed by the closed curve -B(O) = B(T) on the 
Bloch sphere. If the rotation is slow such that ujr/Q — > then 6* — ► 6 and phase 
shift (|i~5|) coincides with the one that is due to Berry phase widely discussed in the 



literature in the last 15 years [14 



Thus the adiabaticity condition is not really necessary for obtaining of the geomet- 
rical phase in an ensemble of spins if the decoherence time is much greater than T. 
Therefore one can attempt to use this phase to get quantum gates such as CNOT. 
Calculation of the corresponding phase factors is rather straightforward because the 
free and the coupling parts of the spin Hamiltonian commute with each other 



hP,h? 



0. 



Therefore the coupling part can be diagonalized simultaneously with the free part by 
applying of the transformation U = U\®U 2 where U\$. are the diagonalizing matrices for 
each single-spin Hamiltonian respectively. This simple fact together with the following 
obvious identity 

rfi/ = u\u x ® 1 2 + 1 2 ® u\u 2 

the final formula for the part of the evolution operator that stands for the non-adiabatic 
geometric phase 

U g = exp(— 2ni cos 6\ Si z ) ® exp(— 2ni cos Q\ S 2z ), (16) 

where 

, & sm9 1 sin 6 2 
tanu 1 = - — ■ j^Tt tan# 2 — 



cos^i + uj r /VLi ' cos 6 2 + ujr/VL 2 

and 

COS^i = C^oi/^l, ^1 = <^ol + U li 

cos9 2 = uj 02 /VL 2) = lUq 2 + u)\. 

Note that gate ( |T6| ) is symmetric with respect to the spin transposition as it should be 
and does not depend on J that is typical for geometrical phase in spin systems where 
the phase depends only on the position drawn by the vector B on the Bloch sphere. 
As J does not affect this position, it is absent in the final result. We do not consider 
here the dynamic phase determining by the factor 

U d = exp (^-^H S T 

It is so because one can eliminate it by making use of the net effect of the compound 
transformation proposed in 0. After this transformation that is generated by two 
different specifically chosen contours the dynamic phase acquired by the different spin 
states becomes the same and the geometric phase of each state is counted twice. After 
that we get (up to a global phase) the following quantum gate 
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^(71+72) \ 

e i(7i"72) 

e i( " 7l+72) 

\ e -i(i*.+Tii)/ 



(17) 



Thus we have constructed the quantum gate, which possess the advantage to be fault 
tolerant with respect to some kinds of errors such as the error of the amplitude control 
of B. On the other hand this approach makes it possible to get rid of the adiabaticity 
condition that strongly restricts the applicability of the gate. Instead of this condition 
one needs some more weak one: r ^> cj^ 1 , where r is the decoherence time. 
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